Lecture 3. Introduction to Representation Theory of
Finite Groups!

1 Group representations

1.1 Basic definitions

Let us put into correspondence to each element G of the group G a square regular matrix
D(G) such that

1. if G1 . G2 = G3 then D(Gl) . D(Gg) == D(Gg)

[\]

- (D(Gh) - D(G2)) - D(G3) = D(Gh) - (D(G2) - D(Gs))
3. D(F) is an identity matrix
4. [D(@)]"' = D(G™Y).

Then the set of the matrices D(G) is called a representation of the group G.
The dimension of the matrices D(G) is called the dimension of the representation.

If the matrices corresponding to the different elements of the group are different then the
group of matrices and the original group are isomorphic and such a representation is called
a faithful (or true) representation.

If each matrix D represents more than one element of the group then the representation
is called unfaithful.

Every group has a trivial one-dimensional identity representation obtained by represent-
ing each element by +1.

Let us consider two different representations of the group G of the same dimension:
D@(G) and D) (G). If there exists a regular matrix U such that

DGy =U "DV (1)

then the representations D (G) and D®)(G) are equivalent.

The transformation of the type (1) is called a similarity transformation.

! Most of the results given below can be generalized to infinite discrete or continuous group under certain
conditions [1, 2, 3].



1.2 Reducible and irreducible representations

Let us consider two representations D™ (G) and D' (G) of the dimensions I, and I3, re-
spectively. We can construct a larger representation by adding these two:
D(G) = D(G) e DVW(G) = ( (2)
Such a form of the matrix is called a block-diagonal form, and @& denotes the direct sum of
the matrices. The dimension of the representation D(G) is | = [, + lg. The representation
D(@) is called a reducible representation because it consists of two smaller representations.
In general, if the representation which is not of a block-diagonal form (2) can be trans-
formed to such a form by a similarity transformation then the representation is called a

reducible representation.
For example, if a representation D(G) can be transformed to a form

DY(G)

) 0 0 0
pa= 0 PN e
0 0 0 DO(@G)
then this representation is reducible and we can write schematically
D(G) =2DM(G) @ DP(G) ® D¥(G) . (4)

If the representation which is not of the block-diagonal form cannot be transformed to
such a form by any similarity transformation then the representation is called an irreducible
representation.

Remark

Any 1-dimensional representation is an irreducible representation.

1.3 Basis of the representation

Consider [ linear independent functions fi(r), fo(r), ..., fi(r). Let G be a group of symmetry
transformations of the space:

where G is an element of G. If under these transformations, the functions fi(r), fa(r), ...,
fi(r) transform as

filr) = 2_:1 Dji(G) f;(r) (5)

where D;;(G) are the matrix elements of a representation D(G) of the group G, then it is
said that these functions form a basis of the representation D(G).

If the functions fi(r), fa(r), ..., fi(r) are orthogonal and normalized then the matrix
elements Dj;(G) are given by the integrals

Di(G) = [ £ D(G) filr)dr (6)
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We say that the functions fi(r), fa(r), ..., fi(r) transform according to the representa-
tion D(G) of the group G.

Remark

We can construct a representation in any linear vector space (of sufficient dimension) and
use a basis of this space as a basis of the representation with the appropriate definition of
the scalar product. For example, in three dimensions the basis can be three unit vectors €,
€, and €, directed along the axes z, y and z and a scalar product be the usual scalar product
of two vectors.

In quantum mechanics the properties of the system of N particles in a given state are
described by a wave function (7, 7, ..., ¥ ) which is a function of the particle coordinates
;. The wave functions satisfy certain boundary conditions determined by the problem. All
these functions form a linear vector space. The scalar product is defined as

W) = [vvav ©

where integration goes over coordinates of all particles and dV = dridry...dry. If the
Hamiltonian H is Hermitian, then its eigenfunctions ¢; satisfying the Schrodinger equation

Hi; = E; (8)
will be orthogonal
(Vi) = [ WiV = o 9)

and therefore they form a basis in the linear space, which can serve as a basis of the repre-
sentation of a symmetry group of the Hamiltonian.

1.4 Construction of group representations

1. Choose a basis of the representation (a set of linear independent vectors)
2. Look how the basis vectors transform under symmetry transformations of the group

3. Write down the matrices of the representation

Example 1

Construct the representation of the group Cy in the basis of three orthogonal unit vectors é,
€y, and €, and check if it is a reducible representation or an irreducible one.

Group C, contains 4 elements: E, Cy, Cy and C3.

Let us choose the symmetry axis Cy perpendicular to the (x,y) plane and coincide with
the vector €,. Now consider how the vectors €, €, and €, transform under operations of the
group Cy:

FEée, =¢,, Ee, = ey, Ee,=¢,
04633 = é}; s C4€y 6;,; y C4gz = é; (10)
Oy = —€,, COhe, =—¢,, (O, =¢€,
cie,=—-e,, Cie,=¢,, Cie,=¢,
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From (10) we can write down the matrices of these transformations:

100 0 —1 0
DE)=[010], DCcy=|1 0 0],

00 1 0 0 1

-1 0 0 0 10 (11)
D(C)=| 0 -1 0|, DCH=]| -1 0 0

0 0 1 0 01

Matrices (11) realize a 3-dimensional representation of the group Cy. It is seen from their
explicit form that this representation is reducible. Under transformations of the group C,
the vector €, remains unchanged. Thus it forms itself a basis of the identity representation
of this group (let us denote it as DM):

DYW(E)y=1, DY, =1, DW(Cy) =1, DO} =1. (12)

The other component of (11) is a 2-dimensional representation of the group C,, which
we denote as D'(G):

e (4 1 ). peo=(§ ) o= (5 5 ) men=( 5 )

(13)
This representation is also reducible. We can reduce it to two one-dimensional representa-
tions. In order to do this we should find a transformation U such that the representation
D"(G) = U~'D'(G)U has a block-diagonal structure for each G. In Section 4 we will learn
a special technique how to do this in a general case. At the moment, we will do it straight-
forwardly by a trial method for C4 group.
Let us choose U as

B
2 2
v ( o ) (1)
V2 V2
The operator U transform the basis vectors €, and €, to the vectors:
- _ 1 — .= Y
Ve = e +16) = € 5
ve, = 5(& —iéy) =,

The matrices of the representation D”(G) equivalent to D'(G) look like

po=( g\ )= () ) pea=( 3 0 ) o pen=(g )

(16)
It is seen that the representation D”(G) consists of two 1-dimensional irreducible represen-
tations, which we call D® and D®:

D (Cy)

]-7 _ia D(2)(CQ) = _]-7 D(2)(Ci’)
D(3)(E) =1, D(3)(C4)

i, DB(Cy)=-1, DY)

i (17)

—i

The vector €, is the basis vector of the representation D®), while the vector ¢_; is the basis
vector of the representation D).



In summary, in this Example we have constructed a 3-dimensional representation of the
group C,; and decomposed it to three 1-dimensional components (irreducible representa-
tions):

D(G) = DW(G)® D@ (G) ® DY (G) . (18)

Example 2

Construct the representation of the group Cs, in the basis of three orthogonal unit vectors
€z, € and €, and check if it is a reducible representation or an irreducible one.

Group Cj, contains 6 elements: F, two rotations C3 and C%, three reflections oy, 09, 03.

Let us choose the symmetry axis C3 perpendicular to the (x,y) plane and coincide with
the vector €,. Consider how the vectors €, €, and €, transform under operations of the
group Cs,:

Eé, = é,, Fe, = e, FEé, =¢,
Csé, = _%_’x + ngya C3€y = _735:1: - %_’\ya Cse, = ¢,
c3e, = e, — Ve, ©36,=e, e, (=@ .
0@, = Lg 4 Vg o= Vg _lg 2 =& (19)
1€z = ot + 2 €y, 016y = 9 ‘x 2%y 01€; = €,
0—25x = —é;, UZgy = gy; Ung = e_)z
0-3590 = %_’x - Tgﬁya U3gy = _%ggx - %gya 0-36:2 = gz
From (19) we can write down the matrices of these transformations:
100 —-1 ¥ g -3 B0
DE)=|010|,DC)=| 2 -1 o|,DCH=| -2 -1 o],
001 0 0 1 0 0 1 (20)
LS ~10 0 LBy
Dioy)=| ¥ —L 0|, Dle)=| 0 1 0], Dlos)=| L -1 ¢
0 0 1 0 01 0 0 1

Matrices (20) form a 3-dimensional representation of the group Cs,. This representation is
reducible. We can immediately see that it consists of a 2-dimensional and a 1-dimensional
representations.

The vectors €, and €, form the basis of the 2-dimensional representation, which we denote
as D)

3 1 O 3 -1 _ﬁ 3 2 -3 ﬁ
D()(E):<0 1),9@(@,):(@2 3 >,D”(Cg)=<_ﬁ _21>,
1 V3 / 2 1Y (21)
DO =( 2 2 )\ p®wy=( L) p®a=( 2. ~3
(01) = @ _% ) (02) = 0o 1)’ (03) = _73 _% :

The 1-dimensional representation is the identity representation, whose basis is the vector €,.
We denote it as D(:

DW(E) =1, DY(Cs) =1, DY(CZ) =1, DY (o)) =1, DW(0y) =1, DW(o3) =1. (22)

Thus we have found that
D(G) = DW(G) @ D¥(G) . (23)
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Example 3

Construct the representation of the group Cs, in a 3-dimensional space of the functions of
the type f(7) = c12? + coy® + c3xy.

We can choose as a basis three linear independent functions f; = 2%, f, = ¢?, f3 = zy
(this is not an orthogonal basis).

Let us see how these basis will change under transformations of the group Cs,. For the
identity element it is trivial:

Efi=2=fi, Efo=y"=fo, Efs=xy=f3 (24)
and the matrix looks like:
1 0 0
DE)=|0 10 (25)
0 01

Now, let us consider rotation C5. Under this rotation, the coordinates x and y transform
as

CgIL' = —%IL’ + @y (26)
Cayy = — V3, _ 1
3Y = 2 T Qy

Inserting these expressions in the functions f; = 22, fo = y?, f3 = xy, we get

Csfi = g2 4 3y* — ?my
Cafo = §u2 + y* + Py (27)

Cafs = LPa? — y? — Luy

and we obtain the matrix of the representation for Cs

1 3 V3
1 1 Iy
D(Cs)=| § 1 % (28)
_V3 V31
2 2 2

In the same way, we can construct the other four matrices of the representation (see prob-
lems).

2 Some important properties of representations

1. Each representation is equivalent to a unitary representation, i.e. to a representation
in which each group element is represented by a unitary matrix 2 .

2. The number of irreducible representations of a group equals to the number of group
classes.
Example

Six elements of the group Cs, can be divided into three classes (see the exact definition
of the class in the previous lecture):

2Remember that only finite groups are considered here



o I

o (3, C2

® 01, 02, 03
In the group of transformations, the classes unite physically equivalent transformations,
e.g. identity, rotations, reflections.

Thus the group Cs, has three irreducible representations.

3. If I, is the dimension of the irreducible representation D@ (G) then
Y iZ=n, (29)

where n is the number of the group elements and the sum goes over all irreducible
representations of the group.

Example

Let us apply this formula to the group Cs,. The group has 6 elements divided into 3
classes and, therefore, it has 3 irreducible representations. From (29) we have:

B+5+15=6. (30)

It is easy to check that the only possible solution is [y = 1, Iy = 1, I3 = 2, i.e. the
group Cs, has two 1-dimensional and one 2-dimensional irreducible representations.

4. Orthogonality relation: If D®(G) and D¥(G) are irreducible unitary representations,

then
n

@)=

0030ik0 jm (31)

m

S D& (@)DY)
G

where n is the number of the group elements, [, is the dimension of the representation
D®(@G) and the sum goes over all elements G of the group G.

3 Characters

3.1 Basic definitions

The character x(G) of the element G in the representation D is the trace of the matrix
D(G):
\(G) = ¥ Du(@) (52)

In order to apply the group in physics usually it is sufficient to know only the characters
of the irreducible representations of the symmetry group of the Hamiltonian, without the
explicit form of the matrices.

The characters of all irreducible representations of the point symmetry groups are usually
given by tables, of the symmetric group S,, and of the continuous matrix groups are given
by recurrent formulae and can be found in different books, e.g. [1, 2, 3].

Example



Find the characters of the 3-dimensional representation D(G) of the group Cs, given by (20)
and of its components DY (G) and D®(G) given by (22) and (21), respectively.

From the explicit form of the matrices of the representations D(G), DV(G) and D®)(G)
we can easily calculate the characters, i.e. the traces of these matrices. The results are
summarized in the table below:

E | Cs 032 01 | 02| 03

YOl 1 ] 11 ][1]1]1

@12 -1]-1l0fo0]o0

x |3l oo 1]1]1
Remark

It is seen from table that the sum of the characters of the representation D(G) equals to the
sum of the characters of its components. In general, if

D(G)=DY(G) e DPG) e DPG) ..., (33)
then
X(@) = xV(G) +xP(@) + xP(@) + ... (34)

3.2 Some important properties of group characters

1. Equivalent representations have the same set of characters.

2. In any representation the characters are the same for all elements from a given class
(e.g., see the table of characters for the group Cs, above).

3. Since D(F) is just an identity matrix, then the character x(F) is always equal to the
dimension of the representation.

4. If X (@) and xP(G) denote the characters of an element G in the irreducible unitary
representations D@ (G) and D)(G), respectively, then

S X (@) XPNG) = ndag (35)

where the sum goes over all group elements G and n is the total number of the group
elements (the order of the group).

Since the elements belonging to one class have the same characters, the formula (35)
can be re-written as

> nex ™ (C)xP(C) = ndas (36)

where x(®)(C)) denotes the character of the elements from the class C, n is the number
of the elements in a given class C' and the sum goes over all classes of the group.

5. If the representation D(® (@) is irreducible, then from (35) we get

g XY@ =n, (37)
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or, using the classes,

> neX (O =n. (38)
c
These formulae can be used as a check if a representation is irreducible or not.

Example 1
Check if the representation D®)(G) of the group Cs, is irreducible.

From (37) we have:
22+ 124+ 124+0°+0*+0%°=6. (39)
Since the group contains exactly 6 elements, then the criterion (37) is satisfied and the
representation D®)(G) is irreducible.
Instead of (37), we can use (38) that brings us to the same result:

1-2242-1°4+3-0°=6. (40)

Example 2
Find the third irreducible representation of the group Cs,.

Below we constructed the table of the characters of two irreducible representations
DW(G) and D®(G) of the group Cs,. From the Example of Section 2 we know that
there exists a third irreducible representation of this group, which we denote as D(Q)(G),
and it is 1-dimensional. Thus the character table for all irreducible representations of the
group Cs, will look as follows:

E | C3, C? | 01, 09, 03
Y 1 1 1
Y |1 a b
Y& 2] —1 0

In this table we have already united elements into classes. We need to find two unknown
characters, denoted by a and b in this table. To do this, let us use the formula (36):

S nexM(C)x®(C) =0,
C

41
> nex®(CNP(C) =0. “
c
Inserting the required values from the table above into (41), we get two equations:
1-1-1+2-1-a+3-1-b=0, (42)

1-2:142-(=1)-a+3-0-b=0,

from which we find that ¢« = 1 and b = —1. Thus, we get the final table of characters of all
irreducible representations of the group Cs,:

E Cg, C?? 01, 02, O3
Y1 1
Y@ |1 1 -1
Y& T2 —1 0




Example 3

Find the characters of all irreducible representations of the symmetric group Ss.
Group S3 contains 6 elements:
o 1 2 3 (1 23 (1
“\l123) MT{312) ™T{231
1 2 3 1 2 3 1 2 3
P12_<2 1 3>7 P23_<1 32)7 P13_<3 1>

These elements can be divided into three classes:

DO
w
N——
—~
=~
w
~—

\]

o I
® T, M2
o Py, P, Pis
Thus the group has three irreducible representations. From (29) we can find their dimensions:
E+5+15=6, (44)

and the only possible solutionisly =1, [, =1, [3 = 2, i.e. the group S3 has two 1-dimensional
and one 2-dimensional irreducible representations. Let us denote them as DV(G), D@(G)
and D®(G). We already know the characters of the element E in this representations (they
equal to the dimensions of the representations). Moreover, it is clear that one of the two
1-dimensional irreducible representations is an identity representation. Let us put all this
information into a character table:

E | m, my | Pia, P, Pi3
Y 1 1 1
Y& |1 a b
NORE c d

In order to find four unknown characters, denoted by a, b, ¢ and d, let us use the formulae
(36) and (38):
> nexM(OxP(C) =0,
c

S nexM(C)x®(C) =0,
C

Y nex®(C)* =6,

C

Y nelx®(C)*=6.

C

(45)

Inserting the known characters into (46), we get four equations:

1-1+2-1-a+3-1-b=0,
2:1+2-1-¢c+3-1-d=0,
124202430 =6,
1242-243-d2=6,

1
1
. (46)
1
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from which we find that @ = 1, b = —1, ¢ = 2, d = 0. Thus, we get the final table of
characters of all irreducible representations of the group Ss:

E | m, m | Pia, Pas, Pi3
Y1 1
Y@ 11 1 -1
& 12 -1 0
Remarks

1. It is seen that the characters of the irreducible representations of the groups Cs, and
S; coincide. This is a natural result, since these two groups are isomorphic.

2. Usually the representations of the symmetric group S,, are labelled by the so-called
Young tableau. The Young tableau is a scheme consisting of n small boxes (the number
of boxes equals the number of particles). The boxes can be placed in one row, two
rows, and so on. If we have n; particles in the first row, ny particles in the second row,

.., n; particles in the ith row, then the scheme is denoted as [nq,ns,...,n;] where
ny+ns + ...+ n; =n. It is always required that ny > ny > ... > n,.

The same notations can be used to label the basis functions of the representation. The
physical meaning of these schemes is that the particles which are in the same row are
in a totally symmetric state (the sign of the wave function does not change under any
permutation of any number of the particles from the row), while the particles which are
in the same column are in a totally antisymmetric state (the sign of the basis function
changes under permutation of any two particles from the column).

The irreducible representations of S3 obtained in the Example 3, can be labelled by
the following Young tableaux:

DW(G) =[3],
D®/(G) = [111], (47)
DO(G) = [21].

It means that the representation [3] is realized on the functions which are symmetric
with respect to interchange of any of three particles, the representation [111] is real-
ized on the functions which are antisymmetric with respect to interchange of any of
three particles, while the representation [21] is realized on the functions which is of
mixed symmetry (symmetric with respect to interchange of some of three particles,
but antisymmetric with respect to interchange of the other particles).

4 Decomposition of representation into irreducible com-
ponents

Suppose that we know all irreducible representations DV(G), D@ (G), ... of a given group.
Then we can represent any arbitrary reducible representation in a form:

D(G) =mDY(G)dmDP (@) @ ..., (48)
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where m,, denote how many times a representation D(® (@) contains in the representation
D(G).

How to find these m,?

From (35) it follows that

me =~ > X(G)x(G) (49)

where x(®(G) is the character of the representation D(®(G) (it is complex conjugate in the
formula (49)) and x(G) is the character of the representation D(G).

Example

Construct the representation of the symmetric group Ss in the basis formed by the vectors
(€1,82,€3) supposing that each permutation of the group interchanges the vectors having the
corresponding indices. Decompose this representation into irreducible components.

To construct the representation, let us first look how the basis transforms under permu-
tations. Since we have three basis vectors, the representation which we want to construct is
3-dimensional. for the identity element we have

100
DE)=|0 1 0 (50)
00 1

Now, let us consider Pj5. Under this permutation, the vectors €; and €5 interchange their
places:

D(Py3)(€1, €, €3) = (€3, €1, €3) (51)
and we get a matrix
010
0 01
In the same way, we can construct the other four matrices of the representation:
1 00 0 01
D(Py)=|00 1|, DP3=|01 0],
010 1 00
0 01 010 (53)
D(m)=1100], D(m=|001
010 100

the characters of these representation are given in the table below:

E | m, m | Pia, Pas, Pi3
X | 3 0 1

Now, let us decompose this representation into irreducible components. The characters
of all three irreducible representations were found in Example 3 of the section 3.2. Thus we
have:

D(G) = m;DY(G) ® myDP(G) ® msD®(G) . (54)
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In order to find how many times each of these representations are contained in D(G) (the
values my, let us use the formula (35):

1
mp=-3-1+1-0+1-0+1-1+1-1+1-1)=1,
my=—-(3-1+1-0+1-0-1-1—-1-1-1-1)=0, (55)

m3:6(3-2—1-0—1-0—1—0-1—1—0-1+0'1:1),

from where we get the final result:

D(G) = DY(G) ® D¥(G) . (56)

5 Direct product of representations

Suppose that two sets of the functions f{*(r), £ (), ..., flia) (r) and fP), £70), ...,

fl(f) (r) form the bases of two representations of the group G: D®(G) and D®¥(G) of the

dimensions [, and lg, respectively. Then the /,l3 products fi(a) (r)f](ﬂ)(r) form a basis of some

representation of the group G, which we denote as D(®*%) and whose matrix elements are

D@y = DSY(G)DL(G) (57)

ik,jm %] km

This representation is called a direct product of two representations D(®(G) and D¥)(G) and
its dimension [ = [,lg.

If x(¥(G) and x¥(G) denote the characters of an element G in the irreducible unitary
representations D(®(G) and D) (G), respectively, then

X(G) = XG)(G) . (58)
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