
Solution to Problems 3

1. Construct the representation of the group D3 in a 3-dimensional space formed by the

vectors ~ex, ~ey and ~ez. What is the di�erence in comparison with the group C3v?

Group D3 contains 6 elements: E, two rotations C3 and C2
3 , three rotations C2, C

0
2,

C 00
2 around C2-axes passing one of the triangle vertices and its centre. In the basis (~ex,

~ey, ~ez), the representation matrices are

D(E) =

0
B@

1 0 0

0 1 0

0 0 1

1
CA ; D(C3) =

0
BB@
�

1
2
�

p
3
2

0p
3
2

�
1
2

0

0 0 1

1
CCA ; D(C2

3) =

0
BB@
�

1
2

p
3
2

0

�

p
3
2

�
1
2

0

0 0 1

1
CCA ;

D(C2) =

0
BB@

1
2

p
3
2

0p
3
2

�
1
2

0

0 0 �1

1
CCA ; D(C 0

2) =

0
BB@

1
2

�

p
3
2

0

�

p
3
2

�
1
2

0

0 0 �1

1
CCA ; D(C 00

2 ) =

0
B@
�1 0 0

0 1 0

0 0 �1

1
CA :

(1)

This representation of the group D3 is reducible. It consists of a 2-dimensional and a

1-dimensional representations.

The vectors ~ex and ~ey form the basis of the 2-dimensional representation, which we

denote as D(3):
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The vector ~ez is the basis vector of the 1-dimensional representation, which we call

D(2):

D(2)(E) = 1; D(2)(C3) = 1; D(2)(C2
3 ) = 1; D(2)(C2) = �1; D

(2)(C 00
2 ) = �1; D

(2)(C 00
2 ) = �1 :

(3)

Thus we have found that

D(G) = D(2)(G)�D(3)(G) : (4)

The group D3 is isomorphic to the group C3v. The characters of their irreducible

representations are identical, but in the basis (~ex, ~ey, ~ez), the constructed reducible

representations consist of di�erent irreducible components in two cases.

2. Elements of the group C4v can be divided into 5 classes. How many irreducible rep-

resentations has this group? What are their dimensions? (See de�nitions of all point

symmetry groups in the previous lecture).

The 8 elements of the group C4v can be divided into 5 classes. Therefore, the group

has �ve irreducible representations: four 1-dimensional representations and one 2-

dimensional representation.
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3. Elements of the group T can be divided into 4 classes. How many irreducible represen-

tations has this group? What are their dimensions?

The 12 elements of the group T can be divided into 4 classes. Therefore, the group

has four irreducible representations: three 1-dimensional representations and one 3-

dimensional representation.

4. Elements of the group O can be divided into 5 classes. How many irreducible repre-

sentations has this group? What are their dimensions?

The 24 elements of the group O can be divided into 5 classes. Therefore, the group has

�ve irreducible representations: two 1-dimensional representations, one 2-dimensional

representation and two 3-dimensional representations.

5. How many irreducible representations has the group C4? Find their dimensions and

characters, using the result of Example 1 of the section 1.4.

The group C4 has four irreducible representations.

E C4 C2
4 C3

4

�(1) 1 1 1 1

�(2) 1 �1 1 �1

�(3) 1 i �1 �i

�(4) 1 �i �1 i

6. Construct the representation of the group C3v in the 3-dimensional space formed by

the functions f1 = x2, f2 = y2, f3 = xy (continue the procedure started in Example 3

of the section 1.4). Decompose this representation into irreducible components using

and the known characters of the irreducible representations.
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D(G) = D(1)(G)�D(3)(G) : (6)

7. Find the matrices of the direct product of two representations of the group C3v: D
(2)(G)

and D(3)(G).

See the matrices D(G) of the problem 1.
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8. Decompose the direct product of two representations D(3)(G) of the group C3v into ir-

reducible components.

D(3)(G)
D(3)(G) � D(3�3)(G) = D(1)(G)�D(2)(G)�D(3)(G) : (7)
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